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ABSTRACT 
We give some relations between Jacobians and minimal polynomials of n 
polynomials in n variables, which yield some new effective criteria to decide 
whether a polynomial or a rational map is invertible, and to calculate the inverse 
if it exists. Our new criteria work for all rational maps from K” to Km, where K 
is an arbitrary field. We also formulate a conjecture, which is equivalent to the 
Jacobian conjecture. 
1. INTRODUCTION 
Let fi(z1,. . . ,z,) E C(zl,. . . ,xn],i = 1,. . . ,n, be a set of nonzero 
polynomials which contains n - 1 algebraically independent polynomials 
over the fields C(zi), i = 1,. . . , n, and let F = (fl, . . . , fn) : Cn -+ C”. A 
zeroofFisapoint(q,..., c,)ECnwithF(q ,..., h)=O:=(O ,..., 0). 
In this paper we investigate some connections between the zeros of 
F and the Jacobian J(F) := J(fl , . . . , fn). This leads us to consider 
the minimal polynomials mi(3cZ, ~1,. . . , yin) of fi,. . . , fn over the fields 
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C(xi). Let di = deg,, mi(xi, yr , . . . , yn). We give necessary and suffi- 
cient conditions when di = 0 in terms of J(F). If F is a polynomial 
automorphism, then we show that di = 1. Furthermore, we show that in 
this case mi(xi, yr,. . . , y*) = ui(xi - g(y1,. . . , yn)), where ai E C* and 
F-l = (gl,... , gn). Thus we give a criterion to decide whether a polyno- 
mial map is a polynomial automorphism, and to calculate the inverse if it 
exists. By Buchberger’s Grijbner basis algorithm [2, 31, the above crite- 
rion is effective. We indicate how the criterion can be generalized to the 
birational case. We also formulate a conjecture which is equivalent to the 
Jacobian conjecture. 
Although the theorems in this paper are proved for polynomial or ratio- 
nal maps over C, all theorems remain true if C is replaced by an arbitrary 
field K of characteristic zero. 
2. THE MINIMAL POLYNOMIAL OF Fl, . . , FN OVER C(Xr) 
PROPOSITION 1 (Yu [ll, Lemma 11). Let K be a field, and fi, . . . , fn E 
K[~I,. “1 n-l t ] contain n - 1 algebraically independent polynomials over 
K. Then there exists a unique (up to a nonzero factor in K) irreducible 
polynomial h(yl,. . . , yn) E K[yl,. , . , ynn] such that h(fl, . . . , fn) = 0. 
REMARK. We call the above h the minimal polynomial of fr, . . . , fn 
over the field K. 
PROPOSITION 2. Let fi(zl, . . . ,z,) E C[xi, . . . ,xn], i = 1,. . . , n, con- 
tain n - 1 algebraically independent polynomials over the field C(xi). Then 
we can choose the minimal polynomial of fl, . . . , fn over the field C(xi) as 
an irreducible polynomial in C[zi, ~1,. . . , y,]. 
Proof. By Proposition 1, any such minimal polynomial is an irre- 
ducible polynomial in C(xci) [yr , . . . , yn]. By multiplying the least common 
multiple of the denominators, we can obtain an irreducible polynomial in 
C[%Yl,...,Y7& ??
NOTATION. Throughout the paper we denote the minimal polynomial 
(up to a noneero factor in C) from Proposition 2 by mi(xi, yi, . . . , yn) and 
set deg._ mi(xi,yr,...,yn) =& 
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3. THE RELATIONS BETWEEN MINIMAL POLYNOMIALS AND THE 
JACOBIAN 
THEOREM 3. Let fl, . . , fn E C[zi, . . . ,x,1 contain n - 1 algebraically 
independent polynomials over the fields C(xi), i = 1,. . . ! n. Then the fol- 
lowing conditions are equivalent: 
(i) di = 0 for some i. 
(ii) di = 0 for all i. 
(iii) There is a nonzero polynomial m(yr , . , . , yn) c C[yi, . . . , yn] such that 
m(f1,. . . ,fn) = 0. 
(iv) J(F) = 0. 
Proof. (i) + (ii): A ssume d, = 0 for some i. Then we may choose 
mj = mi for j = 1, . . . , 72. 
(ii) =5 (i) and (ii) * (iii): Trivial. 
(iii) + (ii): As (i) + (ii). 
(iii) + (iv): Let m(yi,. . ,y,) E C [yr, . . , yn] be irreducible and m 
(fi, . . , fn) .=.O. Then 
By the irreducibility of m, for all j 
thus J(F) = 0. 
(iv) + (iii): Assume (iii) does not hold. Then all d, 2 1. Since 
m,(z,, fi, . . , fn) = 0, we obtain 
’ 8fl 
- 
ax1 
ah 
,dz, .” 
afn 
ax1 
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= 
i : I 
. . 1 , 0 . -gyGz,fi,...,fn) 
where all entries of the last matrix are zeros except those on the main 
diagonal, and 
~hfl,..., fn)#O, i=l,...,n, 
z 
by the irreducibility of mi(zi, ~1,. . . , yn). ??
REMARK 1. Theorem 3 can be rephrased thus: J(F) = 0 if and only 
if 
fl(Xl,...,Xn),...,f,(Xl,...,X,) 
are algebraically dependent over C [instead of C(zi)]. This result is clas- 
sical (see for instance, Perron [9, Satz 611). But our proof is much simpler. 
REMARK 2. Theorem 3 can be viewed as a generalization of Sakkalis 
[9, Theorem 11. But we do not need the quasiregularity used in [9], and 
our proof is much simpler. 
COROLLARY 4. Let fi, . . ,fn E C[q,. . . ,zn] contain n - 1 alge- 
braically independent polynomials over the fields C(xi). Then J(F) = 0 
implies Vti(Xi, 0, . . . , 0) E C. 
4. A CRITERION FOR THE INVERTIBILITY OF A POLYNOMIAL 
MAP 
For the remainder of the paper we let x denote xi,. . . , x,, and y denote 
!/1,...,Yn. 
THEOREM 5. 
(I) Let fi,. . . ,fn E C[sl,. . . ,xn]. Then F = (fi,. . . ,fn) : C” -+ Cn 
is a polynomial automorphism with F-l = (91,. . . , gn) if and only if 
for&i= l,...,n, 
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m(G,Yl,... , Yn) = G(Q - Si(Yl> ‘. .7Yrd)l 
where ai E C’. 
(II) F=(fl,...,f*) :cn + C” is a birational map with 
F-l= ($ )...) 2) EcqYl )...) Yn)“, 
and gcd(ui,ui) = 1 in the ring C[yl,. . . , yn] if and only if for all 
i = l,...,n, 
W(G, Yl, . . . , Yn) = %(vi(Y)zz - W(Y)), 
where ai E C*. 
Proof. We only prove (I), since the proof of (II) is similar. Note that 
mi(zij Ylj.. , yn) is the minimal polynomial of fl, . . . , fn over C(zi). Since 
X, - gi(y) is irreducible in C[si, y], we have 
W(Zi,Yl,...,Yn) = ai(zi -!?i(Yl7.~~,Yn)) 
@ gt(fl(Z), ‘. .I AL(~)) = G 
H F-‘exists and F-l = (91,. . . ,gn). 
5. THE EFFECTIVENESS OF THE CRITERION 
PROPOSITION 6 (Li and Yu [7, Theorem 11). Let K be a field, {fl,. . . , 
fn} c qz1, . . . , %-11, 
1 = (Y1-fl(~lr...r2,-l),...,Yn_fn(~l,...r~Cn-1)) 
XK[~l,...,~,-l,Yl,~~‘,Ynl, 
and let J = InK[yl, . . . , yn]. Then {fl, . . . , fn} contains n- 1 algebraically 
independent polynomials over K with minimal polynomial g(y1, . . . , yn) 
over K if and only if (g(y1,. . . , y,)} is the reduced Grtibner basis (up to a 
nonzero factor in C) for the ideal J. 
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REMARK. Since the ideal is principal, we have no specific preference 
for the ordering while computing a Grobner basis. In practice, if one needs 
to compute the reduced Grijbner basis for the ideal J, then one must use 
a so-called separating ordering (see for instance [3]). This also applies for 
the remainder of the paper as well. For the basic properties of Grobner 
bases used in this paper, we refer the reader to Buchberger [2, 31. 
THEOREM 7. Let fi, . . . , fn E C[zi, . . . , xcn] contain n - 1 algebraically 
independent polynomials over the field C(x:i). Then {mi(xi, yl, . . . , y,)} is 
the reduced Gr6bner basis (up to a nonzero factor in C) of the ideal 
Proof Let K = C(xi). Then Proposition 6 implies that there exists 
an irreducible polynomial %(yi, . . , yn) E K[yl, . . . , yn] such that 
(yl -f&c>, . . ,yn - fn(4)K[xl,. . . r~n-l,~n+~, . . . ,G,Y] n WY] 
is generated by 6. Multiplying & by the least common multiple of the 
denominators of 6, we obtain a polynomial m in C[xi, y]. The ideal J 
is generated by m, as is seen by the facts that m is irreducible and J 
is prime in the ring C[xi, y] and C[q] ~IJ = (0). By Proposition 2, m = 
mi(xi,Yi,... , yn) is the minimal polynomial of fi, . . . , fn over C(xi); hence 
mi(xi,yl,. . . , yn) is the reduced Grijbner basis (up to a nonzero factor in 
C) of the ideal J. H 
THEOREM 8. Let fl, . . . , fn E C[xl, . . . ,x,1. Then: 
(I) F = (fi, . . . , fn) : Cn ---t C” is a polynomial automorphism with 
F-l = (gl,... , gn) if and only if for i = 1, . . . , n, {xi - gi( y)} is 
the reduced Grobner basis (up to a nonzero factor in C) of the ideal 
(f1(x1,..., xn)-Yl,...,fn.(Xl,... A) - Y,)~[x:,Y~ n ch ~1. 
(II) F=(fi,...,fn) :Cn --) C” is a birational map with 
F-l= (z ,..., z) EC(Yl ),..) yJ, 
and g.c.d(ui,q) = 1 in the ring C[yl, . . , yn] if and only if for 
i = l,... , n, {vi (y)xi - ui( y)} is the reduced Gr6bner basis (up to 
JACOBIANSANDMINIMALPOLYNOMIALS 25 
a nonzero factor in C) of the ideal 
(fl(Q? . . 1 2,) - y1, ‘. . , fn(n1.. . ,2,) - ~~1 C[T ~1 n cbk ~1. 
Proof. Since F is a polynomial automorphism, fi, . . , f,, contain n 
-1 algebraically independent polynomials over the fields C(xi). Then the 
theorem is an immediate consequence of Theorems 5 and 7. ??
REMARK. According to Theorem 8, we can effectively decide if F is 
a polynomial automorphism or a birational map and calculate the inverse 
F-l if it is. Here the effectiveness is due to the Grijbner basis algorithm; 
see Buchberger [2, 31. 
6. A CONJECTURE 
In this section we formulate a conjecture which is equivalent to 
THE JACOBIAN CONJECTURE (See Bass, Connell, and Wright [l] and 
van den Essen [5]) Let F = (j-1,. . , fn) E (C[zl, . . . , ~~1)~ : C” + Cn be a 
polynomial map with J(F) E Cm. Then F is a polynomial automorphism. 
By Theorem 5, if the Jacobian conjecture is true, then the following is 
true: 
CONJECTURE 9. If F = (fI, . . , fn) : C” --+ C” is a polynomial map, 
then 
J(F) EC* =+ &mi(zi, Cl,. . . ,O) EC* for i = l,..., 12. 
1 
THEOREM 10. Conjecture 9 is equivalent to the Jacobian conjecture. 
Proof. We only need to show that Conjecture 9 implies the Jacobian 
conjecture. By [l, Theorem 2.11 it suffices to prove that every polynomial 
map F with J(F) = 1 is injective. Let F be such a map, and assume 
that F(a) = F(b) for a, b E C”. We have to show a = b. Without loss of 
generality, we may assume that F(a) = 0; otherwise consider F(z) -F(a). 
By Conjecture 9, mi(zi, 0,. . . ,O) = agifci, ai E C*, ci E C. But aizi+ci 
is contained in the ideal (fi(x), . . . ,fn(cc)) of the ring C[zr,. . . ,x,1. This 
implies that the fi’s have only one common zero, or b = a. W 
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7. GENERALIZATIONS TO THE RATIONAL CASE 
The results in Section 1 to 5 can be generalized to the rational case. In 
this section we list these generalizations. Their proofs are similar to those 
of the corresponding polynomial cases, and hence are omitted. Readers are 
referred to Li and Yu [7, 81 for discussion. 
Throughout this and the next section, pi, qi E C [xl,. . . , z,] with 
gcd(pi, qi) = 1 and ui,zli E C [yi, . . , yn] with gcd(ui, wi) = 1, for i = 
1 ,“‘, n. We denote pl. . . p, by p. 
PROPOSITION I. Let K be a field, and let 
contain n - 1 algebraically independent rational functions over K. Then 
there exists a unique (up to a nonzero constant factor in K) irreducible 
polynomial H(yl, . . . , yn) E K[yl, . . . , yn] such that 
I+$...,$) =o. 
REMARK. We shall call the H the minimal polynomial of pl/ql, . . . , 
p,/q, over the field K. 
PROPOSITION II. Let pl/ql, . . . ,p,/q, E C(xl, . . . ,x,) contain n - 1 
algebraically indepdent rational functions over the fields C(xi). Then we 
can choose the minimal polynomial of pl/ql, . . . ,p,/q, our the fields C(X~) 
as an irreducible polynomial in the ring C[xi, yl, . . . , yn]. 
NOTATION. We denote the minimal polynomial (up to a nonzero factor 
in C) in Proposition II by Mi(xi, yi, . , yn) and set deg,, j&(x%, yi, . . . , yn) 
= Di. 
THEOREM III. Let pl/ql,. . . ,p,/q, E C(XI,. . .,x,) contain n - 1 
algebraically independent rational functions over the field C(xi) for i = 
1 ,“‘> n and let F := (pl/ql, . . . ,p,/q,). Then the following conditions are 
equivalent: 
(i) Di = 0 for some i. 
(ii) Di = 0 for all i. 
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(iii) There is a nonzero polynomial M(yl,. . . ,yn) E C[yl,. . . ,yn] such 
that 
i+,...;~) =o. 
(iv) J(F) = -0. 
REMARK. According to Proposition III, J(F) = 0 if only if 
Pl(Q, *. .1 Gz) Pn(21,...r%) 
41(21,...,2,)““‘q,(s1,...,2,) 
are algebraically dependent over C [instead of C(Q)]. The minimal polyno- 
mialofpl/ql,... , pn/qn over the fields C(zi) is just the minimal polynomial 
of pl/ql,. . . ,p,/q, over C. 
COROLLARY IV. Let pl/ql, . . ,pn/qn E C(zl, . . . ,x,) contain n - 1 
algebraically independent rational functions over the fields C(xi). Then 
J(F) = 0 if and only if Mi(xcz, 0,. . . , 0) E C. 
THEOREM V. Let pl/ql,. . . ,p,/q, E C(xcl,. , ,IC,) contain n - 1 
algebraically independent rational jknctions over the field C(xi) for i = 
l,...,n. Then 
F= (E,...,?) :cn4cn 
is a birational map with F-’ = (ul/vl, . . , u,/v,) if and only if 
M(Xi, Yi, . . , YTI) = %(Vi(Y)Xi - %(Y))r ai E C*. 
PROPOSITION VI (Liand Yu [7, Theorem I]). Let K be afield, 
Sl sn 
-,...,- 
t1 
t EK(x~,...,G--I), 
n 
I= y1- ( Sl(X1, . . 1 h-1) %(Xl,...,Xn-1) t1(x1,.. ,X,-l) ‘..‘,yn - l!,(Xl,. . . ,x+1) 
xK[xI,...,x,-I,YI, 
and J = In K[y]. Then sl/tl,. . , s,lt, contain n - 1 algebraically inde- 
pendent rational functions over K with minimal polynomial G(yl, . . , yn) 
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over K if and only if {G(yi, . . . , yn)} is the reduced Griibner basis (up to 
a nonzero factor in K) for the ideal J. 
THEOREM VII. Let pl/ql, . . . ,p,/q, E C(zl, . . . ,z,) contain n - 1 
algebraically independent rational functions over the field C(xi). Then 
{W(Z~,Y~,...,Y~)) is th e reduced Grobner basis (up to a nonzero factor 
in C) of the ideal 
J= (ql(x)yl -~l(xL...,q,z(x)y, -p,(x),+h- ~>C[X>Y,~ nC[~,yl. 
THEOREM VIII. Let pl/ql, . . . ,p,/q, E C(XI, . . . , z,). Then 
F= (E,...,:) :Cn+cn 
is a birational map with 
F-l= ($,...,z) 
if and only if for i = 1,. . , n, {vi(y)xi -ui(y)} is the reduced Grobner basis 
(up to a nonzero factor in C) of the ideal. 
(41(X)Yl - Pl(x)~. . > 4n(Ic)Y72 - Pn(x)7 q(z)z - l)c[x, Y> z] n C[xi,Y]. 
REMARK. Theorem VIII gives an effective criterion to decide if an 
arbitrary rational map is birational, and to calculate its inverse if it is. Note 
that this criterion is different from the one in Li and Yu [7, Theorem IV] or 
[S, Theorem 61. Many such criteria have been published (see, for instance, 
14, 6, 7, g]), b u most of them only work for some special cases. t 
This work is motivated by T. Sakkalis’s paper [9]. The author wishes 
to thank B. Sturmfels for bringing his attention to [9], and T. Sakkalis 
for sending him a preprint of [9]. The author wishes to thank the referees’ 
helpful comments. Finally, the author is grateful to Professor Frank Uhlig 
for carefully reading and revising the submitted paper. 
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